Chapter 26 Examples : DC Circuits

Key concepts:

e Internal resistance : battery consists of some idealized source of voltage (called the electro-
motive force, or EMF, which uses the symbol &) and an effective internal resistance r. The
actual voltage produced by the battery (called the ‘terminal voltage’) will be V,, = £ — Ir (which
therefore varies as the current in the circuit changes).

¢ Resistors in series : R, = XR;

e Resistors in parallel : R%q = E%

e Kirchhoff’s Rules
— NODE or JUNCTION RULE: at any junction point, the sum of all currents entering the
junction must equal the sum of all the currents leaving the junction

— LOOP RULE: the sum of the changes in potential around any closed loop of a circuit must
be zero. (Be careful with signs: the voltage will DROP across a resistor in the direction
the current is flowing, so if your ‘walk’ is in the same direction as the current, AV will
be negative, BUT if your walk takes you across the resistor in the opposite direction the
current is flowing, AV will be positive.)

e RC Circuits : simple circuit with a voltage source &, a resistor R and a capacitor C', all in
series. Charging: Q = C((1—e™¥7) Ve =¢(1—e ) I =%e7/" where T = RC

e Discharging a capacitor through a resistance: Q = Que™"7 I =1Ie /7 Vo=Q/C =V,e /"

Older Stuff still used here

e Ohm’s Law: V = IR (voltage will drop in the direction current flows)
e Capacitor: Q = C'V (positive charge on the higher voltage ‘side’)

e Power: P = VI = I?R = V?/R (V here would be the voltage change just across this single
element)



Wire Resistance (and why we usually ignore it)

Let’s compare a ‘pure’ circuit consisting of an idealized
battery and a resistor, to two other cases. First, we’ll
include the internal resistance of the battery, then we’ll
also include the resistance of the wires themselves.

Case 1 : Suppose we have an idealized 12 V' battery connected across a 10 2 resistor. How much
current will flow and how much power is this circuit putting out (and where)? The voltage across
the resistor is the full 12 volts, so we can determine the current flowing through it: V' = I'R so here
(12 wolts) = (I)(10 ) or I = 1.2 amps. The resistor then is removing energy from the battery
(turning it into heat) at a rate of P = I*?R = (1.2)*(10) = 14.4 watts.

Case 2 : Assume the battery has an internal resistance of 0.5 € (essentially the figure on the right),
but still has an EMF of 12 volts. How much current is flowing now? We have two resistors in series
now, which is an equivalent resistor of R., = X R; = (10 Q) + (0.5 ) = 10.5 Q. The current flowing
now will be I = V/R = (12 volts)/(10.5 Q) = 1.143 amps (slightly less than the 1.2 A we had before).

How much power is being expended? P = I*R so the internal resistor is expending P = (1.143)%(0.5) =
0.65 W and the 10 € load is expending P = (1.143)%(10) = 13.06 W, which is about 9 percent less
than before. Accounting for the internal resistance of the battery affected the solution significantly.

Case 3 : Let’s add in the actual resistance of the wire itself now. In some earlier examples, we
found that the resistance of typical house and circuit wiring is very small - a fraction of an ohm
over tens of meters. So let’s assume the wire here has a resistance of 0.01 €2. Now in effect we have
three resistors in series: the internal resistance of the battery, the ‘real’ resistor at the bottom of
the circuit, and the wire’s resistance. These are still in series, so the equivalent resistance of this
circuit is R, = XR; = 10+ 0.5 4+ 0.01 = 10.51 Q. The current flowing now will be I = V/R =
(12 volts)/(10.51 Q) = 1.142 amps (a further but very slight reduction).

Where is the power going now?

The power expended by the internal resistor will be P = I’R = (1.142)%(0.5) = 0.65 W. The 10 Q
resistor is expending power of P = [?R = (1.142)(10) = 13.04 W (nearly the same as the previous
case where we accounted for the internal battery resistance but ignored the wire resistance), and the
wire itself will be expending power at a rate of P = I?R = (1.142)2(0.01) = 0.013 W'.

Summary : accounting for the internal resistance of the battery made reasonably significant changes
to the current flowing and the power being expended by the load (which could be a light bulb, some
machine, a speaker, whatever...). Adding in the much smaller resistance of the wiring itself did further
reduce the current and power but was a very small correction.

In typical circuit analysis, we just ignore the additional resistance that the wires them-
selves are introducing.



Determining Battery Internal Resistance ‘

The potential difference across the terminals of a battery is 8.4 V when there is a current of 1.50 A
in the battery from the negative to the positive terminal. When the current is 3.50 A in the reverse
direction, the potential difference becomes 9.4 V. (a) What is the internal resistance of the battery?
(b) What is the emf of the battery?

In the first case, we have the ‘normal’ flow of electricity through this battery. From the end of the
chapter, for this case Vi, = & — Ir. When we force the current to flow the ‘wrong’ way by attaching
an external source of emf that is stronger than and reversed from the battery, we have V,, = —¢ — Ir
but Viy = —Viy 50 Vo = =& — Ir or Vi, =&+ Ir.

(Think of that as if we're walking along this part of the circuit and applying Kirchhoff’s loop rules:
what is the voltage change across each ‘element’ we run into.)

In the first case: V,, = & — Ir leads to 8.4 = £ — 1.50r
In the second case, Vi, = & + Ir leads to 9.4 = & 4 3.5r.

This gives us two equations and two unknowns to solve. Rearranging each to solve for &, we have:
§E=84+1.5r and £ =94 — 3.5r so 8.4+ 1.5r = 9.4 — 3.5r. Moving the r terms to the LHS and the
constants to the RHS: 1.5 4+ 3.5r = 9.4 — 8.4 or 5r = 1 from which r = 0.200 (2.

Substituting this value for r into the first equation: £ = 8.4+ 1.5r =84+ 1.5(0.2) =8.7 V.

By measuring the potential across and current through a battery running in these two situations, we
can determine its true emf £ and internal resistance r.

(How can we make the current flow the ‘wrong way’ through a battery? By connecting it to a more
powerful voltage source that’s connected with a polarity that’s reversed.)

More Realistic Example

We don’t have to use a second battery and try to force the current to flow the wrong way through the
first battery. We can determine the actual EMF and internal resistance of a battery by just connecting
different resistors to it and measuring the voltage across the battery (or the attached resistor).

When we connect a battery to a 2 {2 resistance, we measure that the voltage across the battery reads
12.376 wvolts. If we use a 10 € resistor instead, we find the voltage reads 12.475 volts. What is the
actual EMF ¢ and internal resistance r of this battery?

As above, the voltage across the battery is Vj, = & — Ir.

In the case of the 2 2 resistor, the current flowing is Vi, = IR so 12.376 = (I)(2) or I = 6.183 A.
Via = & —Ir, 50|12.376 = { — 6.188r |

With the 10 Q resistor, V,, = IR so 12475 = (I)(10) or I = 1.2475 A. V4, = &£ — Ir, so
112475 = £ — 1.2475r |

The two boxed equations give us 2 equations and 2 unknowns. Rearranging each to solve for £ we
have £ = 12.376 4+ 6.188r and & = 12.475 + 1.2475r so setting those equal to one another we find that
r = 0.02 2 and using that value for r in either of the boxed equations yields £ = 12.50 volts.



Resistor network (A)

25.0 0
For the circuit shown in the figure both meters are ideal- 15.0 Q

ized, the battery has no appreciable internal resistance, AAAA

and the ammeter reads 2.00 A. 45.0 Q |l"'3 00 %10_0 [¢)
(a) What does the voltmeter read? A/

(b) What is the emf £ of the battery? AAAA ks

3500 £=7

We can solve this (mostly) without resorting to Kirchhoff by nibbling away at it, seeing what we can
infer from the lone bit of information we have (the current through the 252 resistor).

We only have a single source of voltage here, so the current will low from the positive terminal of
the battery, then counter-clockwise around the circuit, finally reentering the battery at the negative
terminal.

We only have a single source of emf here (the battery) so we can start off at least saying that some
current will be flowing along the ‘bottom’ of that circuit, heading to the right. This current then splits
into three parts, flowing through the little network of resistors, then it recombines and passes through
the 45(2 resistor, then the 35¢) resistor, and finally through the battery again.

Let’s start by looking at the cluster of four resistors in the top center of the figure:

Looking at the 25.0 Q resistor, we know the current flowing through it is 2.00 A. Thus the voltage
drop across this resistor is V' = IR = (25)(2) = 50.0 Volts.

This means that the voltage across the middle 15.0 € resistor is also 50 V', implying that [ = V/R =
(50)/(15) = 3.333 A is flowing through that resistor. Along the ‘bottom’ of this little resistor network,
we have a 15.0 €2 and 10.0 € resistor in series, which means in effect we have a 25.0 €2 resistor there,
which implies that the current flowing through these two must be I = V/R = (50)/(25) = 2.00 A.

Overall then, some current flows into this network of resistors and splits into three currents (which
we now know), and then recombines into the current on the other side. The total current flowing into
(and out of) this little cluster of resistors must be 2 4 3.333 4+ 2 = 7.333 A.

This 7.333 A of current now flows through the 45.0 Q resistor, at which point a voltage drop of
V = IR = (7.333)(45) = 330.0 Volts occurs. (Answer to part (a).) It then continues on to the 350
resistor, at which point a voltage drop of V' = IR = (7.333)(35) = 256.667 volts occurs.

Looking at the entire circuit now, let’s start in the lower right hand corner of the circuit and walk
around the circuit in a counter-clockwise loop, keeping track of the voltage changes we encounter.

The voltage drops by 50.0 V' across the little cluster of 4 resistors (we already knew that from the
arguments above), then it drops by 330.0 V' across the 45 2 resistor, then it drops 256.667 V' across
the 35Q2 resistor, and finally it gains £ in the battery and we return to where we started. We’ve made
a complete loop, so the sum of all these voltage changes must be zero: —50 — 330 — 256.667 + & = 0
or £ =636.667 V' (or rounded to three significant figures, 637 V).



Resistor network (B) |: Three resistors having re-
sistances of Ry = 1.60€2, Ry = 2.40€2 and R3 = 4.80%2 are
connected in parallel to a 28.0 V' battery that has neg-
ligible internal resistance. Find (a) the equivalent resis-
tance of the combination, (b) the current in each resistor,
(c) the total current through the battery, (d) the voltage
across each resistor, (e) the power dissipated in each re-
sistor. (f) Which resistor dissipates the most power: the
one with the greatest resistance or the least resistance?

For resistors in parallel, R%q = R% + R% + R%) SO R%q = ﬁ + ﬁ + ﬁ. We luck out here and can get
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. . . : .1 _ 3 2 1
an exact solution by putting everything over a common denominator: Ry — 1sa T isa T is0 = isa-

So exactly: Req = % = 0.80012.

(Doing it the long way: R%q = ﬁ + ﬁ + ﬁ = 0.62509271 +0.4167Q21 +0.20830Q~! = 1.250Q7! so

Reg = 1/(1.250071) = 0.8002.)

The total current flowing will be V= IR or I = V/R = (28.0 volts)/(0.800 §2) = 35 A, which will
also be the current flowing through the battery.

To find the current through each resistor individually: since these are connected in parallel, the voltage
drop across each of them is 28 V:

I =V/Ry = (28V)/(1.609) = 17.5000A

I, =V/Ry = (28V)/(2.40Q) = 11.6667A

I;=V/Ry = (28V)/(4.802) = 5.8333A.

(Note as a check that the sum of these three is equal to 35.0 A, which is the current we found to have
been flowing through the ‘equivalent resistor’ we replaced these three with.)

The power dissipated in each resistor is given by various generic formulas relating the current, resis-
tance, and voltage drop across the resistor: P = IV or P = I?R or P = V?/R and the latter is the
most convenient to use here since the voltage across each resistor is the identical 28.0 V:

P =V?/R; = (28)2/(1.6) = 490.00 W

P, =V?/R; = (28)%/(2.4) = 326.67 W

P3=V?%/R; = (28)?/(4.8) = 163.33 W.

The total power is the sum of these or 980 . We can check this by looking at the circuit where we have
replaced all the resistors with the single equivalent resistor of 0.8(2. In that case we have a 28V drop
across this resistor, meaning that the power being emitted by it is: P = V?/R,, = (28)%/(0.8) = 930 W'.

The smallest resistor was dissipating the largest fraction of the power. This happens in the case of
parallel resistors since the voltage drop across each of them is identical, so in P = V2/R, the lowest
resistor will account for the largest power use. (We will find the opposite to be true in the next example
where the resistors are in series instead of in parallel.)



Resistor network (C) |: Three resistors having re-
sistances of Ry = 1.602, Ry = 2.40€2 and R3 = 4.80%2 are
connected in series to a 28.0 V' battery that has negligi-
ble internal resistance. Find (a) the equivalent resistance
of the combination, (b) the current in each resistor, (c)
the total current through the battery, (d) the voltage
across each resistor, (e) the power dissipated in each re-
sistor. (f) Which resistor dissipates the most power: the
one with the greatest resistance or the least resistance?

For resistors in series, R.q, = Ry + Ry + Rz s0 Req = 1.6€0 + 2.40) 4 4.80) = 8.841.

That means that we can immediately determine the amount of current flowing in this circuit: V = IR
or [ =V/R = (28V)/(8.8Q2) = 3.182A. (Which tells us how much current is flowing through the
battery at this point.)

This same current is flowing everywhere in the circuit (unlike the parallel case in the previous problem,
there are no junctions anywhere here: everything is in a single continuous loop, so there is nowhere
for the current to split up). In particular, we can look at each resistor individually. V' = IR across
each resistor, so we can determine the voltage drop across each resistor:

Vi =1R; = (3.182)(1.60) = 5.09 volts

Vo = 1Ry = (3.182)(2.40) = 7.64 volts

V3 = IR3 = (3.182)(4.80) = 15.27 wolts.

The sum of these is 28.0 V' as needed: taking a Kirchhoff loop through this circuit, the voltage goes
up 28 V' at the battery, then drops in total 28.0 V' across the three resistors, making the sum of the
voltage changes zero around the complete loop, as needed.

The power emitted by each resistor can be found from P = VI = V2/R = I?R. In this case, the
P = I’R form is the easiest to apply since we know the current is the same in all three resistors:

P, = I’R; = (3.182)2(1.6) = 16.20 W
Py = I’R, = (3.182)%(2.4) = 24.30 W
Py = I2Ry = (3.182)%(4.8) = 48.60 V.

The total power used by all three resistors is the sum of these or 89.1 W. We can check this by looking
at the power used by the equivalent resistor. In that case we have our 3.182 A current flowing through
a single 8.8 Q resistor, so P = [’R = (3.182)*(8.8) = 89.1 W. (For yet another check, we have this
3.192 A current passing through the battery which increases the voltage of this current by 28 V' so the
power being expended by the battery is P = VI = (28)(3.182) = 89.1 W as well.)

Note that unlike the case of the parallel resistors, when we connect them in series the biggest ‘user’
of power is the largest resistor, instead of the smallest. This is because the CURRENT is the same
through each resistor now, and P = I2R so the power scales up directly with the resistor. (Don’t read
too much into these observations, since these cases were simple ones where ALL the resistors were
connected either in parallel or series.)



Kirchhoff’s Rules : Simple Example 1 ‘

R1-10N

Suppose we connect a battery and three =2V
; i : vi=ad

resistors as shown in the figure. Determine _+
the current flowing through each resistor g
and the power each is emitting.

R2 R3
=200 =200

Note: we could do this problem without Kirchoff. The 202 and 3052 resistors are basically in parallel,
so they could be replaced with an equivalent resistance of R%q = 2—10 + % or R, = 129). This single

resistor is now in series with the 10€ resistor, giving an equivalent resistance of 10412 = 22€). In the
end, we have a 12V battery connected to a 22€2 resistor, giving a current of V' = IR or (12) = (I)(22)
or I = 0.54546 A flowing through the battery.

Let’s apply Kirchoft’s Laws to this circuit and see if we get the same result.

X

—> T T3
Process : mark all the nodes A A ﬁ — —
(places where 2 or more wires are =T -
connected to each other), assign \ R1=100Q I,
currents [ in the segments between -
nodes, identify loops. Lecp \LI 3
Some current will be flowing in the 4~ Vi=idy =
wires in the left half of the circuit. = —
Loogd R2
That current splits at node A with I =200 330
some of it flowing to the right and (2
some ‘down’ through the middle. TI‘
Those two recombine at node B and X,
continue to the negative terminal of I\ I—g
the battery. i

B

Node rule : at each node, the sum of the currents coming into a node is equal to the sum of the
currents leaving that node (or the sum of the all the currents, accounting for their directions, will be
zero). At node A: I} = I+ I3, and at node B: Io+ I3 = I;. Those are the same equation unfortunately,
so we really just get one unique equation from this step: | Iy = b + I5 |




Loop rule : start anywhere and make a complete loop, noting the voltage changes as we cross each
element in the circuit. The sum of the voltage changes around a complete loop must be zero. (Crossing
a resistor, the voltage will drop in the direction the current is flowing, so take great care when ‘walking’
around the loop: if we’re walking in the same direction as the current, that will be a voltage drop but
if we’re walking opposite the current flow, the voltage will increase as we ‘step across’ the resistor.)

Loop 1 : clockwise path around the left square, starting in the lower left corner

e we pick up |+12 V' | when we step across the battery

e V = IR and the voltage drops as current passes through a resistor; as we walk across the 10 €2
resistor, we're moving in the direction the current is flowing, so across this element we will have

a voltage change of

e continuing along the loop, current I, is passing through the 20 2 resistor and we're walking in
the same direction the current is flowing, so we have a voltage change of here. The loop
now continues along the bottom of the left box and reaches the point where we started, so we're
done.

e That’s a complete loop, so XAV =0 yields: | +12 — 10/; — 201, =0 ‘

Loop 2 : clockwise path around the right square, starting in the lower right corner

e Walking along the ‘bottom’ of this square loop it’s just wire so we don’t have any voltage change.

e We now walk ‘up’ through Rs, so there will be a voltage change of V' = IR = (I3)(20) = 201,
BUT we are walking through this resistor in the opposite direction the current is flowing.
We drew the current ‘vectors’ as if I, were flowing down so the voltage should drop in that
direction. We're moving across this this resistor in the opposite direction through, so from the
bottom of the resistor to the top of that resistor, we should see the voltage rise by that amount.

Here we pick up a voltage change of | +2015

e We now walk along the ‘top’ section of wire in this loop and nothing changes there.

e We now walk along the right side of the loop and we’re walking across Rz in the same direction
as we drew the current I3 so the voltage here will drop, giving a voltage change from V' = IR of

N

e That’s a complete loop, so XAV = 0 yields: | +201, — 3013 =0




We now have three equations and three unknowns:

e [, = I, + I3 (from the node rule),
e +12 —10/; — 20/, = 0 (from the loop on the left)

e 20/, — 3013 = 0 (from the loop on the right)

There are many ways of solving these. The third equation basically tells us that Iy = 1.5]5 so let’s use
that to replace I, in the other two equations:

The first equation becomes: I} = (1.513) + I3 or just I; = 2.515. (That’s convenient.)
The second equation becomes: 12 — 10/; — 20(1.573) =0 or 12 — 101; — 3013 =0

BUT we just found that I; = 2.513 so we can rewrite that last equation as 12 — 10(2.513) — 3013 =0
or 12 — 2513 — 3013 = 0 or 12 = 5513 or finally | I3 = 12/55 = 0.21818 amp |.

I, = 2513 = 2.5(0.21818) so ’ I = 0.54546 amp‘ (matching what we found earlier by not using Kirchoff)
and I, = 1.513 = (1.5)(0.21818) or finally ’]2 = 0.32727 amp‘.

: We know all the currents flowing now, so let’s look at the power being dissipated by all the
resistances in the circuit and the total power being drained from the battery.

e The 10 2 resistor has I; = 0.54546 amp flowing through it, representing a power dissipation of
P = I?R = (0.54546)(10) ~ 2.98 watts.

e The 20 Q resistor has a current of I, = 0.32727 amp flowing through it, so: P = I’R =
(0.32727)%(20) =~ 2.14 watt.

e The 30 Q resistor has a current of I3 = 0.21818 amp flowing through it, so: P = I?R =
(0.21818)%(30) =~ 1.43 watt.

The total power output would be ¥ P = 2.98 + 2.14 + 1.43 = 6.55 W. That’s 6.55 J/s and a typical
12V car battery usually stores a few million joules of energy, so it would only take a few days to drain
this battery. (Presumably when the car is off, whatever is still pulling power from the battery is doing
so at a much lower rate...)



Kirchhoff’s Rules : ‘Simple’ Example 2

Suppose we have two batteries and a single R = 10 ) resistor

that we connect as shown in the figure. Each battery has

a small amount of internal resistance, denoted by the little

0.1 Q resistors next to them. Determine the currents ev- Ave) ol
erywhere, how much power is being dissipated by the center XY g 00 e
resistor R, and by the internal resistances of each battery, — W
and determine the voltage Vi, across resistor R. (Note that

the positive terminals of the two batteries are connected to-

gether.)

Process : mark all the nodes (places where 2 or more wires
are connected to each other), assign currents I in the seg-
ments between nodes, identify loops.

Some current will be flowing in the wires in the left half of
the circuit; some other current will be flowing in the wires in
the right half, and some third current will be flowing through
the resistor.

Node rule: at each node, the sum of the currents coming
into a node is equal to the sum of the currents leaving that
node (or the sum of the all the currents, accounting for their
directions, will be zero). At node A: I + I = I3, and at
node B: I3 = I; + I,. Those are the same equation unfor-  (Note: hard to read but the label
tunately, so we really just get one unique equation from this on the middle resistor is I3.)
step: ’ L+1,=15 |

Loop rule: start anywhere and make a complete loop, noting the voltage changes as we cross each
element in the circuit. The sum of the voltage changes around a complete loop must be zero.

Loop 1 : clockwise path around the left square, starting in the lower left corner

e we pick up |+12 V' | when we step across the battery

e V = IR and the voltage drops as current passes through a resistor; as we walk across the 0.1 €2
resistor, we're moving in the direction the current is flowing, so across this element we will have

a voltage change of

e continuing along the loop, current I3 is passing through the 10 2 resistor and we're walking in
the same direction the current is flowing, so we have a voltage change of here.

e That’s a complete loop, so XAV =0 yields: | +12 — 0.1/; — 1013 =0 ‘

Loop 2 : counterclockwise path around the right square, starting in the lower right corner

e we pick up when we step across the battery

e V = IR and the voltage drops as current passes through a resistor; as we walk across the 0.1 )
resistor, we're moving in the direction the current is flowing, so across this element we will have

a voltage change of



e continuing along the loop, current I3 is passing through the 10 2 resistor and we're walking in
the same direction the current is flowing, so we have a voltage change of here.

e That’s a complete loop, so XAV =0 yields: | 49 — 0.1, — 10I3 =0 ‘

We now have three equations and three unknowns:

e [y + I, = I3 (from the node rule),
e +12—0.11; — 10/3 = 0 (from the loop on the left)

e +9— 0.1/, — 103 = 0 (from the loop on the right)

There are many ways of solving these. Here, the first equation tells us that I3 is equal to I1 + I5 so we
could make that substitution into the 2nd and 3rd equations, leaving us with two equations and two
unknowns:

12 — 0.11; — 10(I, + I;) = 0 or 10.11; + 10.0I, = 12
9— 01[2 - 10([1 + [2) =0or 10[1 + 101[2 =9

Rearranging the second equation to solve for I; : Iy = (9 — 10.115)/10.0 = 0.9 — 1.01]; which we can
now substitute into the first equation: 10.1(0.9 — 1.0115) + 10/ = 12 or 9.09 — 1.020175 4+ 101, = 12
or combining terms: 0.201/; = —2.91 and finally I, = —14.48 amp.

We found that I; = 0.9 — 1.01/; = 0.9 — 1.01(—14.48) = +15.52 amp.
And finally I3 = I; + I, = (15.52) + (—14.48) = +1.04 amp.

Note the sign that came out for ;. That tells us that the current in that part of the circuit is
actually flowing the other way, which means it’s going through the battery in the ‘wrong’ direction.
Energy is being transferred from the 12V battery into the 9V battery, charging it (but not for long,
as we'll see).

Let’s look at the power being dissipated by all the resistances in the circuit.

The 10 Q resistor has I3 = 1.04 amp flowing through it, representing a power dissipation of P = I?R =
(1.04)%(10) ~ 11 watts.

The 0.1 €2 internal resistance of the battery on the left has a current of I; = 15.52 amp flowing through
it, so P = I*R = (15.52)%(0.1) ~ 24 watt.

The 0.1 Q internal resistance of the battery on the right has a current of I; = —14.48 amp flowing
through it, so P = I*R = (14.48)%(0.1) =~ 21 watt.

The internal resistors are dumping quite a bit of heat into their respective batteries, which could cause
them to dangerously heat up.

Final bit: what is the potential V}, across the resistor? V = IR and we found that I3 = 1.04 amp is
flowing from A to B through the resistor, which had a resistance of 1002 so V' = (1.04)(10) = 10.4 volts.
The voltage drops in the direction of current flow, so point A is at a higher potential than point B.
Via = Vo — V= +10.4 volts.
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Resistor network (D) - Kirchhoff’s Rules * : ANNN—
In the circuit shown in the figure, find (a) the current in resistor £ 4.00 A
R, (b) the resistance R, (¢) the unknown emf . (d) If the + |, -
circuit is broken at point x, what is the current in resistor R? X 6.00Q
(NOTE: this is the same circuit as in the previous example, '
with different numerical values, but here we already know some 6&"1\
of the currents...) M

3.00 Q2

Kirchhoff’s rules let us convert a circuit
into a set of linear equations that we can
solve. Anywhere multiple ‘wires’ connect
(called a junction), the sum of all the cur-
rents flowing in and out must be zero, and
if we make a complete loop around any
part of the circuit, the sum of all the volt-
age changes along that path must add to
Zero.

The first step then is to mark all the junc-
tions in the circuit. In this case, we only
have two: the spots on the left and right
where the three wires connect. Now we
need to label all the possible currents that
could be flowing, remembering that the
current can’t change unless it comes to a

junction. Once we’ve labelled a current at roo? 1
some point, we can follow that wire along o =
as it passes through resistors and batteries ;‘ /;\
and all along that segment of the circuit Y )
the current will be the same value, and in (L_ 5!

the same direction.

For this particular circuit, we were given that the current in the ‘bottom’ wire is 6A and is directed
to the right, so note that I've labelled all the parts of the circuit where the current must have this
same value as [;, with arrows denoting the direction the current must be flowing at that point. We
were also given that the current on the ‘middle’ part of this circuit was 4A to the left, so I've called
this I, and labelled other points along that same segment as such. Finally, there is some unknown
current flowing through the top part of this circuit, so I called this I3 and guessed that it might be
travelling counterclockwise. If that 28V battery were the only source of emf in this circuit, the current
would definitely be flowing in that direction but since we have multiple batteries, it’s possible that the
unknown emf along the middle segment of the circuit might be overpowering the known battery and
who knows what direction the current might be flowing. It could flow through the known battery in
the wrong direction (in which case it is, in effect, charging up that battery).

(Continued...)



The important thing here is to come up with a minimum number of unknowns /; and choose a direction
for each of them, then consistently USE this direction information in the next step. If it turns out you
chose incorrectly, all that happens is you end up with a negative value for that current: it’s magnitude
is still correct, it’s just lowing the other way.

JUNCTIONS: at these points, the sum of all the currents must be zero, which is just saying in equation
form that the charges don’t disappear or pile up. At the junction on the left side of the figure, we have
I; flowing OUT, and I, and I3 flowing IN, so in equation form we write this as: —I; + I, + I3 = 0.
But we were given that Is = 4 and I; = 6 so: —6+4 + I3 = 0 or I3 = 2 and we now have all the
current values. (In typical Kirchhoff problems it isn’t this easy but for this case we were given enough
information to make this step easy.) Note that I3 came out to be positive, which means we guessed
correctly about the it’s direction. If you had drawn I3 going in the other direction, you would have
come up with I3 = —2 which is fine, we just have to account for that in later steps.)

LOOPS: We still need to find the values for the unknown resistor R and the unknown emf ¢ in this
circuit. Let’s consider a loop where we walk in a counterclockwise direction entirely around the
outer part of this circuit (shown as LOOP 1 at the bottom of the figure above). Starting at the lower
left hand corner of the figure, we’ll walk in the direction chosen and account for all voltage changes
we encounter. The first thing we run into is a 3¢ resistor, through which a current of 6A is flowing,
to the right: i.e. the same direction we’re walking. The voltage drops across a resistor in the direction
the current is flowing, so that means that at this point V DROPS by IR = (6)(3) = 18 volts. Our
voltage change at this point then is . We now continue walking around the circuit and nothing
happens until we encounter the unknown resistor R, through which is flowing a current of I3. If we
didn’t know either of these quantities, the voltage change at this point would be —I3R. We know
that I3 = 2A though, so the voltage change crossing this resistor will be . Now we encounter
a battery. The voltage increases inside a battery when we’re moving from the ‘low side’ to the ‘high
side’” of the battery (i.e. from the negative to the positive terminal), and we are moving through this
battery in exactly that direction, so here the voltage along our path changes by . We continue
around this loop and encounter nothing else until we get back to our starting point. Accumulating all
the voltage changes then: ’ —18 — 2R + 28 = 0| which we can solve to find 10 = 2R or .

To find the unknown &, let’s use a counterclockwise path through the bottom half of this circuit
(labelled LOOP 2). Starting again at the lower left hand corner of the circuit, we have a current of
I; = 6A passing through a R = 3(2 resistor and we're walking in the same direction as the voltage
drop occurs, so this results in a voltage change of . We continue around this loop, turning
into the middle part of the circuit at the right junction. Now we encounter the 6€) resistor, through
which a 4A current is flowing in the same direction we are ‘walking’, so at this point the voltage
drops V = IR = (4)(6) = 24V, which represents a voltage change of . Now we encounter the
unknown battery ¢ and we're walking through it in the direction that should produce an increase in the
voltage level, so the voltage change at this point on our path is . Putting these together, around

our entire walk we have: ’ —18—-24+&=0 ‘ or ’E = +42V
battery is correctly labelled in the figure.

, which also tells us that the polarity of the

(Continued on next page.)



NOW WE ARE TOLD that we break the circuit along
the middle wire, basically disconnecting the 42V battery
from the 6€) resistor. This changes the circuit into the
one shown in this figure. Because of the break, there
is NO current flowing through the middle battery or re-
sistor. The current is now flowing just around the re-
maining outer part of this circuit. Along this path, there
are no real junctions anywhere. The ‘old’ junctions are
now pointless, since the current 'flowing’” along those lit-
tle fragments is zero now. Looking at the ‘junction’ on
the left side of the circuit, we have I coming in from
above, and the same [ continues down. This becomes
a fairly trivial circuit now. We have a 28V battery in
series with a 5() and 3¢ resistor, giving an equivalent re-
sistance of 8(2. The current flowing in THIS circuit then

is I = V/R = (28)/(8) = 3.5A




Resistor network (E) - Kirchhoff’s Rules

12.0Q
In the circuit shown in the figure, both batteries have in- MWW 1+ £—9
significant internal resistance and the idealized ammeter . 480 o
reads 1.50A in the direction shown. Find the emf & of —_ Q é 15.0
the battery. Is the polarity shown in the figure correct? 5.0V 9]
(Again, note that this is the same circuit as the previous @
examples used but we know different information this <
time. )

We start by marking the two junctions on the circuit, and then labelling the currents (with ‘guessed’
directions).

We were given the current at one point, so

we’ll label that as I;. This current starts at ~

the lower junction, continues left through 5 2 Q.
the ammeter, turns and heads through the

75V battery, then turns and heads through j:'n

a 12€2 resistor, at which point it reaches an-

other junction. All along that left ‘half’

of the circuit, the current has to have -gy .

the same value I; and has to continue in

the same direction. Starting at the upper ~
junction, we’ll guess that I, heads off to

the right, turns down through the battery <
(note it is passing through the battery in .SA
the ‘wrong’ direction but that’s fine - we’ll

take care of that with the proper sign when Loof d
we start turning the circuit into equations). P et 3
Then I passes through a 15¢2 resistor and /{'\
turns into the bottom junction. So now 1
we’ve labelled all parts of the circuit where Yo
15 exists.

Finally we have the unknown current /3 passing from junction to junction through the 48(2 resistor.
We'll randomly guess that it is going in the direction shown. Again as in the previous problem, what
direction you choose DOES NOT MATTER, just be consistent with it when you turn the circuit into
equations in the next steps.

JUNCTIONS: at the upper junction, we have I; and I3 coming in, and I going out, so Iy + I3 — I, = 0.
We do already know that I; = 1.5A so let’s write this as 1.5+I3—1I5 = 0. (The lower junction duplicates
this information, so doesn’t tell us anything new.)

LOOPS: Let’s start by taking a loop around the left half of the circuit, labelled as ‘LOOP 1’ below the
figure. Choosing this loop was not arbitrary: as I looked at all the possible loops in this circuit, this
left one involves things we already know plus only a single unknown variable: I3. That means that
this loop will be enough to directly solve for this unknown. Other choices for loops would have 2 or
more unknowns. Still solvable, but I'd end up with a handful of linear equations that I’d need to tinker
with, rather than this loop that directly gave a solution. Anyway, starting at the lower left corner



of the circuit, we gain 75V passing through the known battery. Next, we encounter the 12€) resistor.
The I, = 1.5A current is flowing through this battery in the direction shown, which means the voltage
should DROP by V' = IR = (1.5)(12) = 18V at this point, giving us a voltage change of —18V. Now
our Kirchhoff loop walks us from the upper junction to the lower junction. According to our choices
for the directions of the various currents, we claimed that I3 was flowing UP here. That means the
voltage should drop by V' = IR = (48)(I3) when I move across the resistor in the direction of the
current. But I'm not: my Kirchhoff path is taking me across this resistor in the ‘wrong’ direction,
which means that according to my path, the voltage should RISE by 4813 at this point. The path
now continues around to reach where we started with no further resistors of batteries to consider. Our
complete equation accumulating all the voltage changes along this loop then is: +75 — 18 + 4813 =0
or 4813 = 18 — 75 = —57 or I3 = —57/48 or finally ’13 = —1.1875A ‘ (The negative sign means the
current is flowing in the opposite direction we thought. That’s fine. You could go back and switch the
direction of the I3 in the figure to make it positive in that direction (and also alter any other equations,
like the JUNCTION ones, to account for this new direction), or you can just leave things as they are
and account for the sign when determining voltage changes later...

From our junction equation, 1.5 4+ I3 — I, = 0 or Iy = 1.5 + I3 and we know I3 = —1.1875A now, so

Finally, we can look at the right half of the circuit (shown as LOOP 2 in the figure) to find the
unknown &. Using our original labels and directions, if we walk clockwise around this loop starting
at the lower junction, we first pass through the 482 resistor in the same direction the current I3 was
presumed to be flowing, so we have a voltage change of —4815 here. Next we go through the battery
in the wrong direction, giving us a voltage change of —¢. Then we have current I, passing through
the 15€) resistor and we're walking in the direction for which the voltage should drop, so we have a
voltage change here of —1515. The sum of all these voltage changes then is: —48I3 — & — 1515, = 0 so
€& = —4813 — 151, = —48(—1.1875) — 15(0.3125) = +57.0 — 4.6875 or finally ’5 = +52.3125 ‘ The sign
implies that the polarity of the battery was labelled correctly. If we had gotten a negative value here,
then the + sign on that battery would have had to have been on the other side.




Resistor network (F) | : (Redoing an example I
made up on the fly for a lecture and didn’t get the cur-
rents to add up properly...)

In the circuit shown, assume we have an idealized 48 V
battery that is connected to the resistor network shown.
The three resistors in parallel all have the same resis-
tance: Ry = Ry = R3 = 1012, and R, = 401).

Determine the overall current flowing, the voltage drop
from A to B, the voltage drop from B to C, the current
flowing through each resistor, and the power being emit-
ted by each resistor.

Assume the wires themselves have no resistance. (They
will have some, but it will be tiny fractions of an Ohm, Llcg\/
so won’t significantly affect the results.)

First, let’s compute the equivalent resistance here. We have three 10 ohm resistors in parallel, so

they add inversely: R%q = ER% so here: R%q = % + % + %0 = 1—30 so R, = 10/3 = 3.3333..Q.

We've replaced the three in parallel with this single 3.333..€2 resistor.

That leaves us with two resistors in series, which we can combine using: R., = Y R; = 3.333.. 40 =

43.333..02.

Our circuit now consists of the 48 V' voltage source flowing through this single equivalent resistance of
43.333..Q. We can find the current flowing then from V = IR so I = V/R = 48/43.3333.. = 1.1077 A.
(I'm keeping lots of significant figures here to avoid the round-off problem I had in the lecture.)

That’s the amount of current that flows through the battery and runs along the wires into the resistor
network, then out of it and back into the battery.

Expanding the resistors back out, how much does the voltage drop across resistor 47 V = IR so
V = (1.1077...A)(40Q) = 44.3077 volts. Walking completely around the circuit, we gain 48 volts
at the battery, lost some unknown voltage V across the network of three resistors, then lose 44.3077
volts across the 40 ohm resistor, and then we’re back where we started so 48 — V — 44.3077 = 0 or
V = 3.6923.. volts must be the voltage drop across the little 3-resistor network.

Focusing on that little sub-network, the voltage across each of those three resistors is 3.69 volts so we
can compute the current through each of them. V = IR again, so I) = V/Ry, I = V/ Ry, etc. Since
all these resistors were the same value, I} = Iy = I3 = (3.69 volts)/(10 Q) = 0.36923.. amps.

The total current flowing through these three resistors will be 0.369234-0.369234-0.36923 = 1.1077 amps
(identical to the 1.1077 amps flowing into and out of that little sub-network).

How much power is each resistor emitting?

We found that each of the little 10 €2 resistors had 0.36923.. A of current flowing through them, so
P = I’R = (0.36923..)%(10) = 1.3633 . We found that 1.1077 A was flowing through the 40
resistor, so it is emitting heat at rate of P = I?R = (1.1077..)%(40) = 49.08 .

Combining all four resistors, they’re emitting a total of (1.3633)(3) + 49.08 = 53.2 W.




Looking back, at one point we had combined all the resistors into a single equivalent resistor of
43.333..€2, through which 1.1077 A of current was flowing, so that gives us a total power output of
P =TI’R=(1.1077)%*(43.333..) = 53.2 W also.

The battery is losing energy at that rate (which probably won’t last long...)



Jump-starting a car - Kirchhoff’s Rules

First, let’s look at the normal situation: the car battery
connected in series with the starter motor. The battery
provides some internal EMF ¢ (volts) and also contains
an effective internal resistance r. The current flows from
the positive battery terminal and through the starter mo-
tor, which has some resistance R,. Let’s take a Kirchoff
‘walk’ around this circuit, starting from the battery and
walking clockwise around the circuit.

We gain AV = £ volts crossing over the battery. Then the current I passing through the internal
battery resistance r will represent a voltage drop of magnitude Ir in the direction the current is flowing.
Our ‘walk’ is in the same direction the current is flowing, so we’ll encounter a AV = —Ir when we
step over this resistor.

Finally, we encounter the starter motor and we’re walking in the same direction as the current is
flowing, so we encounter a AV = —I R, there.

Looking at all the voltage changes around this closed loop (which must add to zero) then: YAV =

o . . . o o 5
§ — Ir — IR, = 0. Rearranging terms, we can write this as { = I(r + R) or [ = >

Good Battery : the starter motor has a resistance of Ry = 0.15 €2 and a good car battery would
have an EMF of £ = 12.5 volts and an internal resistance of » = 0.02 Q. In this case, the current

flowing through this circuit would be I = - +£Rs = 00;1815 =73.53 A.

The power that the starter motor will be using then is P = I*R = (73.53)%(0.15) = 811 watts.

Bad Battery : a bad battery will deliver a lower voltage (emf) and may have a higher internal
resistance so here let’s assume & = 10.0 volts and r = 0.2 Q2. In this case, the current flowing through

. . . _ é _ 10 _
this circuit would be I = TR = 01401 = 40.0 A.

The power that the starter motor will be using then is P = I’R = (40.0)%(0.15) = 240 watts.

SIS
r—] —AAAN

Jump Start I
To jump-start a ‘dead’ (or low) battery, we basically con- QU:)H‘?E A Celle
nect another battery in parallel with it: the positive ter- e o
minal of the good battery being connected to the positive p ——_={
terminal of the bad battery, and similarly the negative
terminal of the bood battery connected to the negative
terminal of the bad battery, as shown in the figure. N

B~

-S

In the book version of this example, they also (realistically) add in some resistance in the jumper
cables, but for this example let’s ignore that and use the ‘good’ and ‘bad’ battery EMF’s and internal
resistances we used above.



We have two nodes (junctions) here: places where two of more wires come together. Those represent
spots where currents can split up or combine. I labelled them A and B in the figure.

Normally, current flows out from the positive side of the battery, so we’ll add I; and I, currents
associated with those points in the figure. From node to node, the current can’t change, so we must
have the same I current from node A, then heading ‘up’, then to the right (through the good battery
and it’s internal resistance, and then ‘down’ the right side until it hits node B.

Similarly, we have the same Iy current flowing from A to B through the bad battery and it’s internal
resistance.

Finally, at the nodes (junctions), we have some other current flowing from B down through the starter
motor and back up to A.

Node/Junction rule : ¥,/ = 3,/

At node A then we have I3 = I; + I, and at node B we have I; + I, = I3. Those are actually the same
equation, we only get one unique equation: | Iy + I, = I3 |

Loop Rule for upper loop : let’s ‘walk’ around the closed loop that represents the upper half of this
circuit. We'll start at point A and walk in a clockwise look around this loop. What voltage changes
do we encounter?

e good battery: we're walking from the low side to the high side of this battery, so AV = +12.5v

e good battery’s internal resistor: we’re walking across this resistor in the same direction as (we
think) the current is flowing, so the voltage will DROP: AV = —I1ry = —0.021;.

e bad battery’s internal resistor: we're walking across this resistor in the OPPOSITE DIRECTION
of the current there, which means we’ll actually pick up voltage in the direction we're travelling:
AV = +IQT’2 = +Ol[2

e bad battery’s emf: the voltage is higher on the positive side of the battery and here we’re walking
from the high to the low side, we our voltage change will be negative: AV = —10 volts.



Summing the voltage changes around that loop: +12.5 — 0.027; + 0.1/ — 10 = 0 or combining and
collecting terms we can write this as [2.5 = 0.02]; — 0.11,

Loop Rule for lower loop : let’s ‘walk’ around the closed loop that represents the lower half of this
circuit. We'll start at point A and walk in a clockwise look around this loop. What voltage changes
do we encounter?

e bad battery: we're walking from the low side to the high side of this battery, so AV = +10.0 v

e bad battery’s internal resistor: we're walking across this resistor in the same direction as (we
think) the current is flowing, so the voltage will DROP: AV = —Iyry = —0.1015.

e starter motor: we're walking across this resistor in the same direction as the current there, so

the voltage will drop: AV = —I3r, = —0.1513

Summing the voltage changes around that loop: +10 — 0.115 — 0.1513 = 0 or combining and collecting
terms we can write this as |10 = 0.1/5 + 0.1513

Loop Rule for outer loop : let’s ‘walk’ around the closed loop that represents the outer perimeter
of the circuit, labelled as loop 3 in the figure, starting and ending at node A.

e good battery: we're walking across this battery from the low side to the high side, so pick up a
AV =12.5 v at that point.

e now we step over the good battery’s internal resistance and we’re walking in the direction the
current is flowing so the voltage will drop there: AV = —0.021;

e the next element we encounter is the starter motor and we're walking across it in the direction

the current is allegedly flowing, so AV = —0.1515.

Summing the voltage changes around that loop: +12.5 — 0.021; — 0.15/3 = 0 which we can write as
12.5 = 0.021; + 0.1515

Solution : We now have FOUR equations (in the boxes above) but only three unknowns. If we just
want to figure out how much power the starter motor has available to it now, we ultimately just need
to know what I3 is, so let’s focus on equations that include that variable:

e [, + I, = I3 (from either of the node rules)
e 10 =0.115 4+ 0.15I3 (from the lower loop)
e 12,5 =10.02[; + 0.1515 (from the outer loop)

Let’s use the first equation to eliminate I; in the third equation. We can re-write the first equation as
I, = I3 — I and substituting in that expression for [; in the third equation:

12.5 = 0.02(I3 — I,) + 0.1513 = 0 and after expanding this out and combining terms, we have
12.5 = 0.1713 — 0.021 |




This equation plus the ‘lower loop’ equation now give us 2 equations with 2 unknowns (I, and I3)a
Ultimately, we find that I3 =72.5 A, I, = —8.75 A and I, = 81.25 A.

Note that I came out negative, which means that current is actually flowing in the opposite direction
we though it would: some of the current flowing from the good battery is actually flowing INTO the
bad battery (effectively charging it).

Also note that the current ultimately making it to the starter motor was 72.5 A which is actually a
bit LESS than what the motor would be getting if connected solely to the good battery. The power
delivered to the motor now is P = I?R = (72.5)?(0.15) = 788 W.



RC Circuit (A) - Charging |: In the simple

RC circuit shown, suppose the ideal battery has u-mﬁ\/\!—

a voltage (EMF) of 12 V' and it is in series with 7!

a C' = 1pF' capacitor and an R = 1000 2 resis- i

tor. When we close the switch, find equations that vV — -
describe the charge on the capacitor, the current L—/ ]
flowing, and the power being dissipated by the _
resistor.

Once the switch is closed, our pretend positive charges will flow from the positive terminal of the
battery, through the resistor, and build up on the top plate of the capacitor. This causes free charges
in the bottom plate to leave that plate and migrate towards the negative terminal of the battery.
Charge will continue to flow until all the connected elements in the top half of the figure are at
the same potential, and all the connected elements in the bottom half of the figure are at the same
potential. At that point, the current has dropped to zero, and the voltage across the capacitor will be
12 V.

Charge builds up on the capacitor according to: Q(t) = .
Qo(1 — e /RS where Q, is the steady state charge, once
all the time variation has settled out. At that point no
current is flowing, there’s no longer a voltage drop across
the resistor, so the capacitor has a voltage of 12 V' across
it. Q,=CV = (1x107% F)(12 V) = 0.000012 coul.

The time constant 7 = RC = (1000)(1 x 107%) =
0.001 sec so the capacitor is being charged up very
quickly here.

Putting the parts together, Q(t) = Q,(1 — e ™¥/fC) = "5 5 T 5.

0.000012 coul)(1 — 79001y o we could write that as U )
E)Q(t) _ (0.0000)1(2 coul)(1 — e)—1000t)' Plot of Q(t)/Q, with ¢ in units of RC.

The current flowing will be I(t) = dQ(t)/dt. We could =
differentiate the equation we just found, or go back to
the original symbolic version: Q(t) = Q,(1 — e ¥ %) s0 =
dQ/dt = Lee=/RC but Q, = CV so [ = Le /R (often
written as [ = I,e "/%Y) where V is the voltage from the
battery so I = q2ze~ 9% = (0.012 amp)e= 0, o
When we close the switch, an initial current of 0.012 amp =
flows, which then drops off exponentially (and very -
rapidly). One millisecond later, at ¢ = 0.001 s the =
current will have dropped to I = (0.012 amp)e™! = —
0.0044 amp, for example. o

Plot of I(t)/1, with ¢ in units of RC.

The power being dissipated by the resistor will be P = IR = (0.144 watts)e 2% so initially the
resistor (maybe it’s a little LED light bulb) puts out 0.144 watt but then drops off exponentially. At
t = 0.001 s, it’s only putting out P = 0.0195 watt.



RC Circuit (B) - Discharging
Suppose we have a C' = 1uF capa(ntor that’s been
charged up with a 12 V battery as in the first ex- ﬁ
ample. Once the capacitor is fully charged, we S ' :
disconnect the battery and then connect the ca- l =
pacitor to a lightbulb that has an internal resis-
tance of R = 0.5 . Determine the current flow
and the power emitted by the bulb as a function
of time. How long does it take for the power out- e
put of the bulb to drop by half compared to its
initial output?

.

/ —

For a capacitor discharging through a resistor, the charge on the capacitor behaves as Q = Qe */FC

and differentiating, the current behaves as I = dQ/dt = —%e‘t/ RC_ That’s the rate at which charge
is leaving the capacitor, flowing from its positive plate around the circuit towards its negative plate.

The initial charge on the capacitor will be @, = CV where V is the voltage (emf) of the battery it

was attached to. Making that substitution, we can write the current (magnitude) as I = %e‘t/ RO —
V —t/RC

e .
R

Here, the initial current I, = V/R = (12 volts)/(0.5 2) = 24 amps. The time constant here will be
7=RC =(05)(1x10°%) =5x 1077 sec.

The current flow as a function of time then will be I(t) = (24 amp)e /X107 = (24 amyp)e 2000000
The power flowing through the bulb will be P = 2R = (24)(e~1000000t)((.5) = (288 watts)e 1000000,

At the instant the circuit is closed, the bulb starts emitting 288 watts (very bright). The brightness
has dropped to half that when 144 = 288¢4000000¢ oy (.5 = ¢=4000000t " Taking the natural log of each
side: —0.693147.. = —4000000¢ or t = 1.73 x 10~7 sec or just 0.172 usec.

This is essentially a flashbulb in a camera, which emits a very brief bright flash, then dies down to
almost nothing quickly. The very large initial power output (288 watts in this contrived example) is
more than a little battery can produce, but is no problem at all for even a small capacitor.

If we leave things symbolic, P = P,e 2/FC g0 P = %PO when 0.5 = e 2/EC and taking the natural
log and rearranging a bit, we find that the ‘half-life’ of the power will be ¢/, = RC@ ~ 0.346 RC.
With the values here, we found that the time constant 7 = RC = 5 x 1077 sec so the time for the
power output to drop by half would be (0.346)(5 x 1077 s) = 0.173 usec.



RC Circuit (C) |: In the circuit shown, both capac-

itors are initially charged to 45.0 V. (a) How long after 15.0 4 +20.0 §50 00
closing the switch S will the potential across each ca- pE = = uF |
pacitor be reduced to 10.0 V, and (b) what will be the
current at that time? A

30.0 ()

We can simplify this circuit first. The two capacitors in parallel can be replaced by a single equivalent
capacitor using C,, = XC; for parallel capacitors, so Cey = 35.0pF.

The two resistors are in series, so we can replace those with a single equivalent resistor of R, = XR;
for series resistors, so R., = 80.052.

In effect, we have a circuit with a single capacitor that’s been charged up, in series with a single
resistor. This is exactly the ‘R-C’ scenario covered in the chapter. The charge on the capacitor will
decay according to Q(t) = Q,e ¥ FY) with this charge flowing out into the circuit in the form of a
current. The charge LEAVES the capacitor at a rate of dQ/dt = —%e‘t/ (EC) " becoming a current
flowing INTO the resistor of I(t) = +&2e~t/(RC),

We’ll need the time constant 7 = RC to get numerical solutions for this problem, so let’s go ahead
and calculate it now: 7 = (80.0)(35 x 107%) = 0.00280 s. (That’s around 3 milliseconds, so clearly
everything will happen pretty quickly here.)

Initially, the capacitors were charged up with a voltage of V, = 45.0V. The charge and voltage on a
capacitor are related by C' = @Q/V so V = @/C which means we can write the VOLTAGE across the
capacitor as V(t) = Q(t)/C = %e’t/ (EC) . When the capacitors were originally charged up, though,
from C' = Q/V we can write @ = CV so initially @, = C'V, and finally we can write the voltage across
the capacitors as: V(t) = V,e /(Y That is, the voltage starts at the initial 45.0V, and then decays
away exponentially.

For part (a), we want to determine how long it takes for V/(¢) to reach 10 wvolts so: 10 = 45¢~*/(FC)

or e~#/000280 — 10 /45 = (.22222. Taking the natural log of both sides: —¢/0.00280 = In(0.22222...) =
—1.5041 from which ¢ = (—0.00280)(—1.5041) = +0.00421 s (or about 4 milliseconds).

To find the current flowing at this time, we determined that the current flowing could be written as
I(t) = +82e7YBO bhut Q, = OV, so we can write this as I(t) = Yee /(O We can just plug in the
values we have and solve it: V, = 45, R = 80, RC = 0.00280 and ¢t = 0.00421, OR we can take a
shortcut. We solved for this time by finding the value of ¢ for which e=*/(#%) was equal to 10/45 so we
knowlthe exact value of that exponential already. Thus I = % X i—g sol = % X % or [ = % = 0.125A
exactly.



